A frozen core model of atomic copper is developed with the core consisting of the 1s-3d shells. The model is validated by predictions of the electron affinity and binding energies of neutral Cu. The model is used to predict the existence of an electronically stable ground state of Cue + with a binding energy of 0.005 518 Hartree and a spin-averaged 2γ annihilation rate of 0.576 × 10 9 s −1 .
Introduction
Recently, the question of whether it is possible for positrons to bind to atoms has been conclusively settled in the affirmative [1] [2] [3] . In the first instance, the stochastic variational method (SVM) [4] [5] [6] [7] and related methods were used to demonstrate that the energy of the Lie + ground state was lower than the sum of the energies for Li + and positronium ground states [1, 2] . The initial predictions of binding were later confirmed by a calculation using the hyperspherical method [3] . Subsequently, an explicit variational demonstration of the electronic stability of the ground state of positronic beryllium, i.e. Bee + , has also been performed [8] . In addition, a modified SVM was developed which treats the behaviour of free particles outside a closed shell core and this has given convincing evidence that the ground states of Nae + and Mge + were stable [9, 10] . Naturally the success in predicting positron binding to four atoms has motivated a search to determine other atoms that might bind a positron. The ability of lithium and sodium to bind positrons made the other alkali atoms promising candidates for positron binding. However, the sequence of alkali atoms that will bind a positron seems to terminate at sodium. We have performed a number of calculations on the Ke + system without seeing any indications of positron binding. Given that the Lie + binding energy was five times larger than the Nae + binding energy, the non-existence of a Ke + bound state was not surprising. However, there is no a priori reason why the failure to find a bound state for Ke + should extend to the group IB elements of the periodic table. These atoms have spectra similar to the alkali atoms with larger binding energies. The ionization energies of the three group IB elements are larger than 6.80 eV, which means binding will occur as long as the energy of the atom decreases when a positron is added. The condition for binding to lithium and sodium is more stringent. Both of these systems have ionization energies smaller than 6.80 eV and binding can only occur if the system is stable against dissociation into positronium plus the residual ion, i.e. into A + + Ps. Both copper and silver have prominent transitions from the ground state and consequently have a static dipole polarizability around 50 a 3 0 [11, 12] . The dipole polarizability is one of the primary factors that determines positron binding, and both Cu and Ag have polarizabilities larger than beryllium (for which binding has been established). Therefore these atoms would seem to be promising candidates for binding a positron.
In this work, the fixed core stochastic variation method (FCSVM) is used to investigate the binding of positrons to neutral copper. Binding is found to occur irrespective of whether a semi-empirical core polarization potential is added to the model Hamiltonian. One of the unusual features of these calculations is that the nature of the binding is distinctly different for the two model Hamiltonians. In one case (no polarization potential), we demonstrate that Cue + is stable against dissociation into Cu + + Ps. In the other case (with polarization potential), Cue + is stable against dissociation into Cu + e + .
Details of the model
The calculations for Cue + were performed with the FCSVM. This method has been used in a number of previous calculations of positron-atom and positronium-atom complexes. Since the details of this method have been described in numerous other papers [8] [9] [10] it is only necessary to give a minimal description of the FCSVM as it was applied to the present atom.
The Hamiltonian for the positron and valence electron was:
In this expression, r p is the positron coordinate while r e is the coordinate for the valence electron. The direct interaction between the core and the active electron and positron was computed from the Cu + 1s → 3d orbitals which were taken from a Hartree-Fock (HF) calculation of the 3d 10 4s 2 S e ground state. These orbitals were represented as a linear combination of Slater-type orbitals (STO). The exchange interaction, V exc (r e ), between the valence electron and the HF core was computed exactly with the only approximations being those inherent in using a basis set expansion.
The projection operator, P , is constructed by summing over the orbitals occupied by the core electrons,
while λ is a positive constant. Provided λ is large enough, any component of the wavefunction which is not orthogonal to the core will lead to an increase in the energy [8] [9] [10] . The dipole polarizability for the Cu + core was taken as 5.36 a 3 0 [14] . Both one-and twobody polarization potentials were included in the calculation. The polarization potentials were
and
where the cut-off function is
The cut-off parameter, ρ, was determined by fitting fixed core HF calculations of the 3d 10 nl states to the experimental binding energies [15] . The value chosen for ρ was 2.0 a 0 . The [15] . b [16] .
quality of the fit can be seen from table 1 where the theoretical energy levels are compared with experiment. The inclusion of the polarization potential leads to binding energies that are much closer to experiment. FCSVM calculations with and without polarization potentials were performed. The FCSVM calculations with and without the polarization potentials are referred to as the FCSVM pol and FCSVM models respectively. The coefficient of the projection operator, λ, was set to 10 6 for the FCSVM and FCSVM pol calculations. Two minor modifications were made to the effective Hamiltonian in order to facilitate the SVM calculations [8] . The core orbitals used for the exchange calculation were taken from a HF calculation of the 3d 10 4s ground state using the Gaussian-type orbital (GTO) exponents of Partridge [13] . Also, the polarization potential was constructed by approximating g(r)/r 3 with a linear combination of Gaussian functions.
Because of the slightly different Hamiltonians, the binding energies reported for the Cu ground state in table 2 are slightly different from those in table 1. The energy of the Cu ground state has changed by 10 −4 Hartree. The energy for Cu − predicted by the FCSVM pol model with a 350-term wavefunction was −0.317 194 Hartree, which is equivalent to an electron affinity of 0.033 93 Hartree. The experimental electron affinity is 0.045 31 Hartree [16] , so the present FCSVM pol electron affinity underestimates the empirical value by about 25%. The non-polarized FCSVM model is even worse, predicting an electron affinity of 0.026 69 Hartree. The reasonably large discrepancy of the FCSVM pol electron affinity with experiment is probably due to the fact that the 3d 10 core is quite weakly bound and therefore the presence of an extra electron can be expected to change the structure of the underlying 3d 10 core. In the context of this calculation, the copper atom has one feature that makes it rather unusual. The binding energy of the 4s electron in the fixed core HF approximation is 6.49 eV. However, the ionization potential for Cu is 7.73 eV. These two energies straddle the positronium binding energy. Therefore, the condition for binding to occur in the FCSVM model is a total energy that is lower than the energy of the Cu + + Ps(1s) dissociation channel, i.e. −0.250 Hartree. On the other hand, binding occurs in the FCSVM pol model only when the energy of the Cue + system is lower than the energy of the Cu ground state, i.e. −0.283 365 Hartree.
The Cue
+ ground state Two independent calculations were done due to the distinctly different conditions for binding. Although the final basis size was 300 in each case, the nonlinear parameters defining each correlated Gaussian function were different. The binding energies for neutral Cu, Cu − and Cue + predicted by the FCSVM and FCSVM pol calculations are listed in table 2. The electron and positron probability densities are shown in figure 1 . The correlation function defined by
is a measure of probability of finding the electron and positron a certain distance apart. The correlation functions plotted in figure 2 were normalized so that 
The FCSVM model
The non-polarized FCSVM model can only predict binding if the energy is below the Cu + + Ps(1s) threshold, i.e. −0.250 Hartree. The present energy of −0.260 895 Hartree implies a binding energy of 0.10 895 Hartree. The large size of the binding energy was a surprise given the failure of potassium to bind a positron. The other 'one-electron' atoms, Li and Na, have positron binding energies which were much smaller. A prediction of binding for this model cannot be used to make a specific prediction that a positron will bind to copper. Rather, the calculation with this model is useful in the context that it will contribute to the understanding of the mechanisms responsible for positron binding when the ionization potential of the atom is less than 6.8 eV.
Since the lowest energy dissociation channel in this model is the Cu + + Ps channel, the electron and positron form a positronium cluster at large distances from the nucleus. The merging of the electron and positron probability densities (figure 1) at large distances is certainly consistent with this idea. More dramatic evidence for the presence of the Ps cluster as a wavefunction component is seen from figure 2 where the correlation function is plotted. There is a noticeable similarity between the correlation functions for the FCSVM wavefunction and that of the positronium ground state. However, the Ps cluster is quite distorted, with the mean electron-positron distance r ep = 4.6 a 0 . This is about 50% larger than the equivalent distance for the positronium ground state. The Lie + and Nae + ground states gave values of r ep between 3.1 and 3.4 a 0 , giving evidence that these species contain much tighter Ps clusters [8] .
The spin-averaged annihilation rate for the FCSVM wavefunction was 1.255 × 10 9 s −1 . The contribution to this annihilation rate from the closed 1s-3d shells was 0.025 × 10 9 s −1 . Despite being a small fraction of the total annihilation rate, the contribution to the total Table 3 . Binding energies (in Hartree), the total spin-averaged 2γ annihilation rates (in s −1 ) and the spin-averaged 2γ annihilation rates with the core electrons (in s −1 ). The mean positronnucleus distance r p , the mean electron-nucleus distance r e , and the mean electron-positron distance r ep (all in a 0 ) for the Cue + ground state do not take into consideration the contribution from the core electrons. annihilation rate from the core was bigger than the contribution from the core for any other atom with a bound positron.
The FCSVM pol model
The Cue + ground state computed with the FCSVM pol Hamiltonian is better described as a positron orbiting a polarized Cu atom. The comparison with the FSCVM results in table 3 shows that the positron is located further away from the nucleus, the electron is located closer to the nucleus and r ep is almost twice as large. The plot of the electron and positron densities (figure 1) shows the electron more tightly bound to the nucleus while the positron is located further away with the positron density decaying much more slowly as r increases. Nevertheless, the FCSVM pol correlation function plotted in figure 2 achieves its peak value close to 3.0 a 0 , and the shape of the correlation function indicates that the positronium cluster constitutes a significant part of the wavefunction.
The spin-averaged 2γ annihilation rate of 0.576 × 10 9 s −1 was less than half the size of the FCSVM prediction. The contribution to this annihilation rate from the closed 1s-3d shells was 0.034 × 10 9 s −1 . The annihilation rates for the singlet and triplet decays are 2.28 × 10 9 s −1 and 0.034 × 10 9 s −1 , respectively. The triplet decay rate could be modified by the 3γ annihilation between the valence electron and positron. This process has a rate of 0.0071 × 10 9 s −1 for the Ps ground state, but can be expected to be smaller for Cue + due to the increased distance between the positron and electron. That a positronium cluster still represents a major part of the FCSVM pol Cue + groundstate wavefunction can be further demonstrated by doing a calculation of Cue + binding in a simple central potential model. A model Hamiltonian for the positron was constructed which consisted of the static potential of the Cu ground state and a polarization potential of the form given by equations (3) and (5). The polarizability of the Cu ground state was taken to be 50 a 3 0 [11, 12] and the value of ρ was set to 2.933 75 a 0 . These choices for α d and ρ reproduce the FCSVM pol positron binding energy of 0.005 518 Hartree. This model predicted a mean positron-nucleus distance of 8.454 a 0 , some 2% smaller than the FCSVM pol prediction. However, the model predicted a 2γ annihilation rate between the 4s electron and the positron that was only 0.048 × 10 9 s −1 . This underestimation of the annihilation rate can be explained by the omission of any mechanism to include Ps cluster formation. The correlation function shown for this model in figure 2 was obtained from the HF 4s orbital and the positron wavefunction. It is distinctly different from the FCSVM and FCSVM pol functions and shows no evidence of having a Ps cluster present as a component in the wavefunction.
Discussion and conclusions
Two calculations which differ only in their treatment of the core polarization interaction have provided convincing evidence for the existence of an electronically stable ground state for positronic copper.
The polarized core model predicts a configuration best described as a positron bound to the polarized core. The annihilation rate of 0.576 × 10 9 s −1 does suggest that a significant fraction of the wavefunction (e.g. 25%) consists of a positronium cluster outside the 3d 10 core. The non-polarized core model, on the other hand, is best described as a positronium cluster orbiting the Cu + core. This cluster is considerably distorted by the interaction with the Cu + core and is located much closer to the nucleus than similar structures in Lie + and Nae + . The implications of this result for positron binding of other atoms are interesting. The fact that a positron is bound in the two different models, and moreover bound with reasonably large binding energies, is an indicator that similar atoms could also bind positrons. For instance, it is highly likely that a positron will bind to silver.
We had attempted to use the numerical measure of the strength of the polarization potential published by Dzuba et al [17] in conjunction with the present results to indicate other possible atoms for positron binding. However, it was soon clear that their formula needs further refinement to be a useful tool. For instance, copper has a 'polarization strength' of about 3.5, which is smaller than that of beryllium with a polarization strength of about 4.4. However, the positron binding energy for copper, 0.005 518 Hartree, was twice as large as that for beryllium [8] , 0.002 78 Hartree. We would also be reluctant to use figure 6 of Dzuba et al [17] to claim positron binding to krypton based on the fact that the polarization strength for krypton was 4.5.
The problem with the polarization strength function adopted by Dzuba et al [17] , S = 1 2 α d I 2 au, is that it has a term proportional to the square of the ionization energy. The I 2 term arises from a simple estimate of the cut-off radius for the 1 2 α d /r 4 interaction close to the nucleus. The I 2 term certainly seems to be counterintuitive and the careful scrutiny of their graph suggests that inclusion of the I 2 factor overstates the importance of the cut-off radius. For instance, it scarcely seems credible that the polarization strength of sodium is smaller than that of magnesium and only marginally larger than that of xenon. Figure 6 of Dzuba et al [17] should therefore be interpreted with a great deal of caution and it may be possible that the dipole polarizability, unscaled by the ionization potential, is a better measure of the polarization strength. Nevertheless, the present result, and previous results for Be, Mg, Li and Na probably permit some general statements about the possibility of positrons binding to other atoms. We believe there is a strong possibility of positron binding to any element provided the dipole polarizability is greater than 40-50 a 3 0 and the ionization potential is greater than 6.5 eV. (Predictions for elements with I substantially less than 6.8 eV are more problematical because it is the polarization of the positronium and not the polarization of the atom that is of primary importance.) It is worth noting that the entire first row of the transition series satisfy this criteria and most of these elements have polarizabilities greater than that of Cu (the only exception is nickel which has a polarizability about 5% smaller) [11, 12] . Most of the elements of the second row of the transition series also satisfy this criterion. Dzuba et al [17] used their polarization strength function to indicate binding for Ti, V, Mn, Cr, Zr, Nb and Mo. The present calculation has placed these predictions on a much firmer foundation and moreover has almost tripled the number of transition elements for which binding is indicated.
While the present model calculations predict positron binding to copper, it also must be recalled that these predictions are only as good as the underlying model. In order to make the calculations tractable a frozen core model has been adopted for the inner 28 electrons. The 3d shell for Cu is not very tightly bound, with the 3d 9 4s 2 2 D e level having an excitation energy of just over 1 eV. While the idea of a frozen core model is inherently less reliable for copper than it is for sodium, a previous analysis of the 3d 10 nl spectrum for copper indicated that such a model is capable of generating realistic results [18, 19] .
